Abstract The plasmon resonance of metal nanoparticles shifts upon refractive index changes of the surrounding medium through the binding of analytes. The use of this principle allows one to build ultra-small plasmon sensors that can detect analytes (e.g., biomolecules) in volumes down to attoliters. We use simulations based on the boundary element method to determine the sensitivity of gold nanorods of various aspect ratios for plasmonic sensors and find values between 3 and 4 to be optimal. Experiments on single particles confirm these theoretical results. We are able to explain the optimum by showing a corresponding maximum for the quality factor of the plasmon resonance.
Introduction
Gold nanoparticles have a long history as optical or electron microscopy labels. More recently, their plasmon resonance has been employed for more elaborate optical nanoscopicsensing schemes. The plasmon resonance of coupled particles depends on interparticle distance [1] [2] [3] [4] , and the strong plasmonic light scattering efficiency allows for the visualization of single nanorods, for example for orientation sensing [5] [6] [7] [8] . Furthermore, the resonance position is influenced by the particle charge [9, 10] and the refractive index of the particle's immediate environment [11] .
The plasmonic sensitivity to the immediate dielectric environment of the particles allows one to monitor the dielectric constant of liquids and binding events of molecules to the gold particle surface. Here, the nanoparticle sensor acts in a way similar to sensors exploiting the surface plasmon resonance on gold films, which is a standard method in many laboratories. However, whereas the detection scheme for surface plasmon resonance is usually a shift in the plasmon excitation angle [12] , plasmonic nanoparticles show a shift in the plasmon resonance frequency [13] . The main advantage of using nanoscopic particles as sensors instead of metal films is their extremely small size which allows one, in principle, to measure analytes in volumes as small as attoliters [14] . The key factor for taking advantage of the small detection volume of plasmonic particles is the single particle plasmon-scattering spectroscopy [13, 15] . Single particle measurements probe the local environment around one specific particle, which-in principle-enables massive parallelization of nanoparticle plasmon sensors either for analyzing different analytes or obtaining statistics. Recently, we demonstrated a scheme that can conduct parallel sensing on randomly arranged nanoparticles using a liquid crystal device as an electronically addressable entrance shutter for an imaging spectrometer [16] .
For such dielectric plasmon nanoparticle sensors, one hopes to have a large spectral shift for a given amount of analyte or refractive index change of the environment. Initially, spherical gold particles were used [14, 17] but were soon replaced by gold nanorods [18] due to their higher sensitivity on refractive index changes [19] . A lot of effort has been applied towards identifying the ideal plasmon sensor with a large spectral shift for a given change in refractive index, for example, using rod-shaped gold nanorattles [20] , metamaterials [21] , silver-coated gold nanorods [22] and others. However, rod-shaped nanoparticles remain popular for plasmonic applications. Some reasons for this are the ability to fabricate gold nanorods in high quality using seeded crystallization from solution, the adjustability of the plasmon resonance by varying the aspect ratio, the strong scattering efficiency, and the low plasmon damping in nanorods.
Here, by means of simulations and experiments, we investigate which aspect ratio (AR) of gold nanorods is ideal for plasmonic sensing by employing various measures for 'ideal' behavior. There are several different quantities that describe the performance of a plasmonic structure for sensing applications on a single particle level-and all of them have their merits for certain applications. We will discuss the most important of them in the following paragraphs-the plasmonic sensitivity to refractive index change as well as various 'figures of merit'-and present their dependency on nanorods' geometry from calculations for spherically capped gold rods with the boundary element method (BEM) [23, 24] . We confirm the identified trends by experimental results obtained using single particle dark field scattering spectroscopy.
Plasmon sensor quality
Changing the refractive index n of the embedding medium by a given amount, dn shifts the plasmon resonance position in wavelength or energy units (λ res , E res , respectively, see Fig. 1a ). The corresponding proportionality constant or sensitivity S λ (often simply denoted Δλ/RIU) can be expressed in wavelength (S λ ) or energy (S Ε ) units [25] : S λ = dλ res /dn and S Ε =dE res /dn=S λ dE/dλ=−S λ /λ 2 ×1,240 nm/eV. The relatively broad plasmon linewidth Γ (full width at half maximum) complicates the analysis further, because the plasmon linewidth of nanostructures with different geometries can vary more than tenfold. Since it is easier to detect a given resonance shift for narrow lines, the resonance shift relative to the linewidth is a more meaningful measure of the sensoric quality. This dimensionless quantity is often referred to as the 'figure of merit' FOM=S/Γ [26] .
The FOM is easily determined experimentally and allows for the comparison of the plasmonic properties of many different structures with a single sharp plasmonic resonance. For more complex plasmonic responses (such as in metamaterial structures based on an analog of electromagnetically induced transparency (EIT) [21] ), where the plasmon resonance does not follow a simple Lorentz peak shape, the concept needs to be refined. In practice, one would normally detect a spectral shift of a resonance as a relative intensity change dI/I at a fixed wavelength λ 0 induced by a small index change dn. We can therefore define an alternative dimensionless figure of merit:
The wavelength λ 0 is chosen such that FOM* has a maximum value-for gold nanorods in the shoulder of the resonance of the long-axis plasmon near the place where the slope dI/dλ is highest.
Bio-sensing applications are even more complex. In this case, one seeks to detect the binding of small (organic) molecules to the nanoparticle surface instead of exchanging the entire embedding medium. The spectral shift now depends on the relative size of the molecules to the volume the plasmon field penetrates into the medium. Furthermore, the sensitivity is reduced with increasing distance to the particles surface. A 'figure of merit' trying to capture the different sensing volumes of various nanostructures can be defined as the FOM layer * for a homogeneous coating of molecules with a specific refractive index (for example, n=1.5, typical for organic molecules) in a layer of thickness l around the particle normalized to this layer thickness. The formal definition of this 'figure of merit for thin layers' FOM layer * is therefore:
To compare the general sensing quality of different nanostructures, the limit of FOM layer * for l→0 gives a defined value. Table 1 summarizes the different quantities used to determine the quality of plasmon sensors and their definitions.
Results
We simulate the light scattering cross-sections of gold nanorods by solving Maxwell's equations using the BEM and tabulated optical constants for gold [27] . Regarding shape, we use rods with spherical end-caps varying the particle length while keeping the diameter constant at 20 nm. Even though the exact end-cap geometry influences the resonance position [28] , many researchers have successfully used spherical end-caps for their simulations [29] . We vary the aspect ratio by changing only the particle length because gold nanoparticle synthesis usually results in particles of comparable width. From the BEM calculations, we find a linear relationship between aspect ratio AR and plasmon resonance wave-length: λ res /nm=505+114 (AR-1). The calculations of the layer effect for FOM layer * were performed within the quasi-static approximation (QSA) for spheroids [30] since we did not implement coated particles in our BEM simulations so far. However, comparisons of QSA with full solutions for the Maxwell equations have shown good qualitative agreement [28] .
The plasmon sensitivity in wavelength units S λ (calculated with BEM) shows the expected steady increase for an increasing aspect ratio [19] (not shown here), whereas the sensitivity in energy units S Ε shows a maximum at an aspect ratio of AR max =3 (Fig. 1 ). Both the 'classical' FOM and the more general FOM* show the same trend with two maxima (Fig. 2a) . The classical FOM has a maximum for rods with an aspect ratio of AR=4.3 and a second local maximum at AR=3.2. The maxima of the generalized FOM* is slightly shifted to rod aspect ratios of AR=4.2/3.1 (cf. Table 1 ). The values of the 'figure of merit for small layers' FOM* layer (obtained by QSA calculations) are shown in Fig. 2b for increasing layer thickness l and show maxima at the aspect ratios of AR=3.0 and AR=4.3. The first maximum at AR=3.0 is higher for thin layers and in the limit of layer thickness l→0. Hence, rods with aspect ratios in the range of 3 to 4 are the best candidates to investigate changes in the refractive index of the embedding medium.
To verify the theoretical conclusions given above, we compared the theoretical results with experimental values measured on single particles. The particle spectra were obtained for nanorods immobilized on a glass substrate and exposed to liquids with various refractive indices in a dark field microscope coupled with an imaging spectrometer [15, 16] . The resulting values are shown in Fig. 3 and show the same trend as predicted by the BEM simulations. The values are generally lower than the calculated values due to the influence of the supporting glass substrate and are potentially also influenced by a thin organic coating of the particles remaining from the synthesis. The variance within the experimental results is not a measurement error but originates from small derivations from the ideal particle geometry and environment. For example, defects in the nanoparticles' crystal structure would increase damping, therefore broadening the plasmon resonance and reducing FOM and FOM*. The last columns list the optimal aspect ratio AR opt (the value in bracket corresponds to the second maximum) for gold nanorods with 20 nm diameter in an aqueous environment and the value of the corresponding quantity at the maximum (see "Results" and "Discussion" sections)
Discussion
The existence of a maximum of the plasmon sensitivity in energy units can be derived from a simple calculation of the polarizability of a spheroid in quasi-static approximation:
The polarizability α of a spheroid within the quasi-static approximation is given by [31] :
where, V is the particle volume, ε r =ε particle /ε medium is the relative dielectric function of the particle with respect to the medium, and L is a shape factor. The exact equation for L is given by [32] :
For AR<8, this formula is simplified to L≈(1+AR)
with an error of <5% [33] . Equating the real part of the denominator of Eq. 3 to zero and using the Drude model to describe the dielectric function of the particle (Re(ε)≈ε ∞ − ω p ²/ω² [33] ), the resonance position E res , the plasmon sensitivity S E , and the aspect ratio with the highest S E value AR max follow:
Fig . 3 Experimental data (each black dot represents one single particle) for the figures of merit FOM (a) and FOM* (b) obtained by single particle spectroscopy in a dark field microscope (inset). The absolute values are slightly lower than the theoretical prediction (blue line, see also Fig. 2a ) due to the attachment of the gold rods to a glass substrate which limits the accessible surface (inset) Fig. 2 To identify the optimal aspect ratio for plasmon sensing, various 'figure of merits' (FOM) are calculated a The classical FOM defined as plasmon sensitivity S divided by plasmon linewidth Γ (left axis) is compared to a generalized FOM* defined as the maximal relative intensity change |ΔI/I| for a small refractive index change Δn (right axis). While the classical figure of merit FOM has a maximum for an aspect ratio of AR=4.3 and a second maximum at AR=3.2, the generalized FOM* has its maximum at AR=4.2 with its second local maximum at AR=3.1. b The FOM* layer takes into account the sensing volume by considering the plasmon change induced by a small layer around the particle normalized to the layer thickness (0.01 nm<l<10 nm in 1 nm steps). The plasmon sensing quality FOM* layer decreases with increasing layer thickness (inset) and shows a maximal value of FOM* layer =0.55 for d→0 at an aspect ratio AR=3.0. (Data for a are calculated by BEM for gold nanorods with spherical end-caps and 20 nm diameter, data for b within the quasi static approximation QSA for spheroids.)
where, ω p and ε ∞ are the plasma frequency of the conduction electrons (9 eV for gold [34] ) and the polarizability of the inner electrons (9.84 for gold [35] ), respectively, and n=(ε medium ) 0.5 the medium's refractive index. The agreement of these simple calculations with the BEM calculations is surprisingly good (Fig. 1 black lines) since the quasi-static approximation is only valid for spheroidally shaped particles much smaller than the wavelength of the incident light. The particles we investigate are neither spheroids nor much smaller than the light wavelength (only a factor of up to 5). Our BEM calculations using spherically capped cylinders model the real particle shape more realistically and correctly take the particles' absolute size into account.
Interestingly, the aspect ratio with the highest plasmon sensitivity in energy units AR max depends on the polarizability of the inner electrons of the metal ε ∞ and the refractive index of the medium. For water (n=1.33) as a medium, the optimal aspect ratio becomes AR max =3.8. Since the Drude model does not include the contribution of interband damping to the imaginary part of the dielectric function, we conclude that the maximum in plasmonic sensitivity S E is not caused by the effect of those interband excitations.
Yet, what is the reason for the 'optimal aspect ratio' for the three 'figures of merit'? We believe the quality factor Q is the key quantity in explaining this behavior. The quality factor of an oscillation describes the number of oscillations until the oscillation is damped. We find it plausible that a longer plasmon oscillation lifetime (i.e., a higher quality factor) results in a more sensitive dependency on changes in the surroundings. For a classical-driven harmonic oscillator, the resonance frequency divided by the linewidth of the resonance Γ gives the quality factor Q ¼ E res =Γ ð Þ . Figure 4 shows the quality factor as a function of the aspect ratio for gold nanorods (calculated by the BEM and measured experimentally on single particles). Evidently, a maximum is found around AR=3. The initial rise from Q(AR=1)=8 to Q(AR=3)=22 is easily explained considering the reduced plasmon damping as the resonance shifts to lower energies with an increasing aspect ratio [15] . The slow decrease above the aspect ratio of 3 is due to the decreasing resonance frequency divided by the (more or less) constant Drude damping.
The similarity between the way the quality factor and the figures of merit depend on the aspect ratio is a strong hint but not solid proof that one is the cause of the other. It is desirable to have more detailed theoretical investigations of this aspect.
Conclusion
In summary, for the four measures for an 'optimal plasmonic sensor', namely sensitivity S, figure of merit FOM, generalized figure of merit FOM*, and figure of merit for thin layers FOM layer * , there is an optimum aspect ratio around 3-4, where gold nanorods show the best sensitivity. Only the plasmon sensitivity in wavelength units S λ increases steadily with aspect ratio. Contrary to many claims, the plasmonic properties of gold nanorods do not steadily increase towards the infrared spectral region but show an optimum in the near infrared. Even though gold nanorods show very strong plasmon resonances with high quality factors and are, at the same time, small in volume, we cannot exclude the idea that other shapes of metal structures (bi-pyramids, rattles, pairs of particles, EIT structures, etc) are even better plasmon sensors. We hope that our new definition of a generalized figure of merit and the corresponding generalized figure of merit for small layers will trigger the comparison of plasmon sensor quality of many more complicated metal structures. Fig. 4 The quality factor Q (determined via Q=E res /Γ) shows a maximum for rods with an aspect ratio of approximately AR=3 and decreases for larger aspect ratios. The blue line represents the results obtained by BEM calculations, while the black dots correspond to measurements on single gold nanorods
Methods

Simulations based on boundary element method
In our computational approach, we discretize the surface of the nanoparticle by a set of triangles and match the electromagnetic potentials at the triangle centers. By fulfilling the boundary conditions imposed by Maxwell's equations through auxiliary surface charges and currents, we end up with a generic and flexible scheme that allows us to compute the optical properties of arbitrarily shaped nanoparticles with complex geometry embedded in dielectric environments.
The dielectric function of the gold nanorods was extracted from optical data [27] and the chosen mesh sizes allow for a spatial resolution of approximately 1 nm.
Determination of S, FOM, FOM*, and FOM* layer
We calculated the light scattering cross-section C sca for every particle shape (diameter 20 nm, length from 20 nm to 160 nm in steps of 2 nm) in n 1 =1.33 and in n 2 =1.34 as a function of wavelengths λ (in steps of 1 nm).
The FOM* was calculated according to the following equation: The FOM* layer was calculated in the same way in the quasi-static approximation for spheroids for layer thicknesses l=0.01 nm to 10 nm in steps of 1 nm (0.01 nm until the first nanometer).
Gold nanorods preparation
Gold nanorods were synthesized according to the seeded growth procedure published by Nikoobakht et al. [36] . In this two-step synthesis, preformed seeds grow into rods in a concentrated surfactant solution. The samples used in this work were characterized by ensemble extinction spectroscopy and transmission electron microscopy to obtain the mean diameters and lengths of the different samples. The samples we used had the following properties: Single particle spectroscopy
To investigate the spectral shift by changes in the refractive index of the environment on the single particle level, we dilute the nanorod suspensions 1:100 with distilled water and rinse them for 5 min through a flat glass capillary connected to PET tubing. Subsequent rinsing of 1 M sodium chloride solution for 1 min can increase the number of immobilized particles. Afterwards, the glass capillary is rinsed for at least 15 min with distilled water (n=1.333) to remove as many of the molecules as possible that were attached to the particle surface, and the scattering spectra of all particles in the field of view recorded. After rinsing the glass capillary with glucose solution (25 wt.% n=1.372) for 15 min, we again investigate the scattering spectra of the same particles and determine the quantities listed in Table 1 .
